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Manipulation of magnetization by electric field is a central goal of spintronics because it enables
energy-efficient operation of spin-based devices. Spin wave devices are promising candidates for low-
power information processing but a method for energy-efficient excitation of short-wavelength spin
waves has been lacking. Here we show that spin waves in nanoscale magnetic tunnel junctions can be
generated via parametric resonance induced by electric field. Parametric excitation of magnetization
is a versatile method of short-wavelength spin wave generation, and thus our results pave the way
towards energy-efficient nanomagnonic devices.
INTRODUCTION
Magneto-electric coupling in magnetic materials and
heterostructures enables control of magnetization by
electric field, which is the key requirement for real-
ization of energy-efficient spintronic devices1. Recent
progress in this field includes demonstration of electric
field induced magnetization reversal2–8 and ferromag-
netic resonance2,9. However, ferromagnetic resonance
driven by electric field cannot be used for generation of
spin waves with wavelengths smaller than the excitation
region, which limits its applicability in nanomagnonic de-
vices based on short-wavelength spin waves11. Here we
report parametric excitation of spin waves in a ferromag-
net by alternating electric field. Unlike ferromagnetic res-
onance, parametric resonance can be employed for gen-
eration and amplification of short-wavelength spin waves
and thus our work is an important step towards the de-
velopment of energy-efficient nanomagnonics.
A prominent manifestation of the magneto-electric
coupling in magnetic films and heterostructures is modifi-
cation of magnetic anisotropy by electric field12–14. This
recently discovered effect takes place at the interface be-
tween a ferromagnetic metal (e.g. Fe) and a nonmag-
netic insulator (e.g. MgO)14 and originates from differ-
ent rates of filling of d -like electron bands in response
to electric field applied perpendicular to the interface15.
Since electrons in different bands contribute unequally to
the uniaxial perpendicular magnetic anisotropy (PMA)
at the interface, electric field can be used to modu-
late PMA. This voltage-controlled magnetic anisotropy
(VCMA) is promising for energy-efficient manipulation
of magnetization4,16,17 because, unlike spin torque (ST),
VCMA does not rely on high electric current density
resulting in large Ohmic losses. In this work, we em-
ploy VCMA modulation at microwave frequencies in or-
der to excite parametric resonance of magnetization in a
nanomagnet5,19,20.
Parametric excitation of magnetization by external
magnetic field has been thoroughly studied in bulk and
thin-film ferromagnets4. In these experiments, a param-
eter of the magnetic system (external field) is modulated
with a frequency at twice a spin wave frequency fSW of
the system. Parametric excitation is a nonlinear pro-
cess, in which the parametric drive acts as negative effec-
tive magnetic damping competing with positive intrinsic
damping4. At a threshold amplitude of the parametric
drive, the negative damping exceeds the intrinsic damp-
ing and magnetization oscillations at half the drive fre-
quency are excited.
Parametric excitation of magnetization has several im-
portant advantages over direct excitation by external
magnetic field with a frequency at fSW. First, para-
metric excitation efficiently couples not only to the uni-
form precession of magnetization but also to spin wave
eigenmodes4. This allows excitation of short wavelength
spin waves by simply choosing the parametric drive fre-
quency to be twice the desired spin wave frequency. Sec-
ond, parametric pumping can be used for frequency-
selective amplification of spin waves22 and phase error
corrections23. All these properties of parametric pump-
ing form a highly desirable set of tools for the nascent
field of nanomagnonics24,25. However, parametric excita-
tion of spin waves by microwave magnetic field in metallic
ferromagnets is not energy-efficient because of the rela-
tively high threshold fields (tens of Oe)26. Here we show
that replacing magnetic field pumping by electric field
(VCMA) pumping solves this problem and allows para-
metric excitation of magnetic oscillations in metallic fer-
romagnets by a low-power microwave drive.
We demonstrate parametric excitation of magne-
tization in 70 nm×150 nm elliptical nanoscale mag-
netic tunnel junctions (MTJs) schematically shown
in Fig. 1a. The junctions are patterned from (bot-
tom lead)/ Ta(5)/ PtMn(15)/ SAF/ MgO(0.83)/
Co20Fe60B20(1.58)/ Ta(5)/ (cap) multilayers (thicknesses
in nm) deposited by magnetron sputtering. Here SAF =
Co70Fe30(2.3)/ Ru(0.85)/ Co40Fe40B20(2.4) is the pinned
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2Figure 1. Measurement setup and MTJ characterization. a, Schematic of experimental setup for DC and microwave
characterization of MTJ. b, MTJ conductance as a function of in-plane magnetic field Hx applied parallel to the MTJ long
axis. c, ST-FMR spectrum of the MTJ at Hx = 0.06 kOe. d, Dependence of ST-FMR spectra on Hx. e, Quasi-uniform mode
frequency versus direct voltage bias Vdc measured at Hx = 0.06 kOe.
synthetic antiferromagnet, which has magnetic moments
lying in the plane of the sample. The equilibrium direc-
tion of the Co20Fe60B20 free layer magnetization is nor-
mal to the sample plane due to interfacial PMA2. Prior
to patterning, the multilayers are annealed for 2 hours at
300 ◦C in a 10 kOe in-plane magnetic field that sets the
pinned layer exchange bias direction parallel to the MTJ
long axis.
All measurements reported in this Article are made in
the setup schematically shown in Fig. 1a that allows ap-
plication of DC and microwave voltages to the MTJ and
measurement of DC and microwave signals generated by
the MTJ. Fig. 1b shows conductance G of the MTJ mea-
sured as a function of in-plane magnetic field Hx applied
parallel to the MTJ long axis. The shape of the G(Hx)
curve is congruent to the shape of the Mx(Hx) hysteresis
loop2, where Mx is normalized projection of the free layer
magnetization onto the applied field direction. The hys-
teresis loop and micromagnetic simulations confirm the
out-of-plane easy axis of the free layer (see Supplemen-
tary Section 1). The center of the loop is shifted from
zero field due to a residual 0.06 kOe stray field from the
SAF.
We employ spin torque ferromagnetic resonance (ST-
FMR) to characterize the spectral properties of spin wave
eigenmodes of the MTJ. In this technique, a small am-
plitude microwave drive current GVac sin(2pifdt) applied
to the MTJ excites oscillations of magnetization at the
drive frequency fd. The resulting resistance oscillations
Rac sin(2pifdt+φ) of the MTJ at the drive frequency lead
to partial rectification of the microwave drive voltage Vac
and generate a direct voltage Vr. Peaks in ST-FMR spec-
tra Vr(fd) arise from resonant excitation of spin wave
eigenmodes of the MTJ27,28.
Figure 1c shows a ST-FMR spectrum of the MTJ mea-
sured at Hx = 0.06 kOe. Two spin wave eigenmodes
are present in this spectrum with the lowest-frequency
(fSW = 0.91 GHz) mode being the quasi-uniform mode
of the free layer3. From the spectral linewidth of the
quasi-uniform mode we can estimate the Gilbert damp-
ing parameter α ≈ 0.033 (see Supplementary Section 2),
which is typical for a CoFeB layer of this thickness2. De-
pendence of ST-FMR spectra on Hx is summarized in
Fig. 1d. The frequency of the quasi-uniform mode in-
creases with increasing absolute value of the net in-plane
field due to the second-order uniaxial PMA2.
Figure 1e shows dependence of the quasi-uniform mode
frequency on direct voltage bias Vdc applied to the MTJ.
From the slope of the line in Fig. 1e we can estimate
VCMA efficiency dHudVdc = 526 Oe/V (see Supplementary
Section 3), where Hu is the PMA field and the value of
VCMA efficiency is typical for this material system2.
3Figure 2. Parametric resonance. a, Power spectral density (PSD) of the microwave signal emitted by the MTJ under
VCMA parametric drive of Vac = 0.185 V. Curves are vertically offset for clarity and are listed in order of drive frequency. b,
Dependence of the parametrically generated emission spectra on the drive frequency for Vac = 0.185 V. c, PSD peak plotted
versus drive frequency and drive amplitude reveals typical Arnold tongue shape characteristic of parametric excitation.
RESULTS
We use the parallel pumping geometry to parametri-
cally excite the free layer quasi-uniform mode5, in which
magnetization of the free layer is parallel to the oscil-
lating PMA field Hu. We apply a constant 0.06 kOe in-
plane magnetic field along the long axis of the ellipse to
compensate the in-plane SAF stray field acting on the
free layer so that its magnetization is aligned perpendic-
ular to the sample plane. We then apply a parametric
drive voltage Vac to the MTJ and vary the drive fre-
quency fd about 2fSW (twice the quasi-uniform mode
resonance frequency). The resulting modulation of PMA
at the drive frequency due to VCMA can parametri-
cally excite magnetization oscillations at half the drive
frequency5, which gives rise to the MTJ resistance oscil-
lations Rac cos(2pi
fd
2 t + φ). These resistance oscillations
can be detected via their mixing with the microwave cur-
rent GVac cos(2pifdt) through the junction, which gener-
ates mixing voltage signals Vmix(t) at frequencies fd/2
and 3fd/2:
Vmix(t) = GVac cos(2pifdt) ·Rac cos
(
2pi
fd
2
t+ φ
)
=
1
2
GVacRac
[
cos
(
2pi
fd
2
t− φ
)
+ cos
(
2pi
3fd
2
t+ φ
)]
.(1)
As illustrated in Fig. 1a, we amplify Vmix(t) and mea-
sure its spectrum with a microwave spectrum analyzer.
In this Article, we present power spectra of Vmix(t) mea-
sured near fd/2; similar spectra are observed near 3fd/2.
Figure 2a displays power spectral density (PSD) P (f) of
Vmix(t) measured at several fixed values of the drive fre-
quency fd near 2fSW and drive amplitude Vac = 0.185 V.
The maximum of each power spectrum is observed ex-
actly at fd/2, clearly illustrating that magnetization dy-
namics of the free layer is excited parametrically at half
the drive frequency. The linewidths of the measured
spectral peaks are in the range of several MHz. This
linewidth mostly arises from thermal fluctuations of the
free layer magnetization (fluctuations of the phase φ in
equation (1)). Figure 2b illustrates that parametric ex-
citation of the quasi-uniform mode has well-pronounced
resonant character: significant amplitude of the paramet-
ric oscillations is observed only in a narrow range of the
drive frequencies near 2fSW.
Figure 2c displays dependence of P (fd/2) on the drive
amplitude Vac and drive frequency fd. This figure il-
lustrates the parametric excitation efficiency and clearly
demonstrates that the observed microwave emission from
the sample has a threshold character in Vac. This thresh-
old behavior is expected for parametric resonance that is
excited when effective negative damping from the para-
metric drive exceeds the positive natural damping of the
excited mode4. Figure 2c also shows that the parametric
resonance frequency fpr (defined as fd that gives max-
imum P (fd/2) at a given value of Vac) shifts to lower
values with increasing drive amplitude due to nonlinear
frequency shift, as expected for a uniaxial ferromagnet4.
The shape of the parametric instability region in Fig. 2c
is a typical Arnold tongue of a nonlinear parametric
oscillator30.
In order to quantitatively determine the threshold
drive voltage Vth needed to excite parametric resonance
of the quasi-uniform mode, we analyze reduced power of
this mode p as a function of the drive amplitude Vac. By
definition, p = |c|2 where c is dimensionless amplitude
of the quasi-uniform mode (see Supplementary Section
4), which is proportional to the amplitude of the MTJ
resistance oscillations, so that p ∼ (GRac)2. It is clear
from equation (1) that PSD of the reduced power p(f) is
proportional to P (f)/V 2ac for any Vac. In Fig. 3, we plot
its resonant value P (fpr/2)/V
2
ac, which is proportional to
4p(fpr/2), as a function of Vac.
Figure 3. Parametric resonance threshold. Normalized
peak amplitude of PSD, P (fpr/2)/V
2
ac, measured at paramet-
ric resonance as a function of the parametric drive amplitude
Vac. Best fits of equation (2) and equation (3) to the data
(solid lines) give the parametric resonance threshold voltage
Vth = 0.136 V.
Analytical expressions for p(fpr/2) can be derived in
the limit of Vac  Vth. In this limit, magnetization dy-
namics are small-amplitude thermal fluctuations ampli-
fied by the parametric drive, for which:
p(fpr/2) =
A
(Vth − Vac)2 , (2)
where A is a constant (see Supplementary Section 5).
In the opposite limit of Vac  Vth, thermal fluctuations
can be neglected and the following analytical expression
for the reduced power p can be derived:
p = B
√
V 2ac − V 2th, (3)
where B is a constant (see Supplementary Section 5).
For our system, p in equation (3) can be replaced by
p(fpr/2) because the measured spectral linewidth of P (f)
at fd = fpr depends weakly on Vac for Vac > 0.16 V.
Therefore, we can fit the data in Fig. 3 using equation (2)
in the small amplitude limit and equation (3) in the large
amplitude limit. The best fit shown by the blue (small
amplitude) and red (large amplitude) lines in Fig. 3 gives
Vth = 0.136 V. In this fitting procedure, A and B are
free fitting parameters while Vth is treated as a common
fitting parameter for both the small and large amplitude
limits (see Supplementary Section 5).
It is instructive to compare the measured Vth to its the-
oretically expected value for our MTJ geometry and the
measured VCMA efficiency (see Supplementary Section
4). The calculated threshold voltage in the macrospin
Figure 4. Parametric resonance in ST-FMR. ST-FMR
spectra of an MTJ with out-of-plane SAF and free layers mea-
sured as a function of out-of-plane magnetic field. Resonance
at twice the quasi-uniform mode frequency arises from para-
metric excitation of the quasi-uniform mode.
approximation is Vth = 0.086 V while that given by mi-
cromagnetic simulations is Vth = 0.156 V. The measured
value is similar to the micromagnetic prediction, which
lends support to VCMA origin of the observed paramet-
ric resonance.
In our experiment, spin-polarized tunneling current
flows through the MTJ, which results in ST and Oer-
sted field acting on the free layer. However, these types
of drive play a negligible role in exciting parametric res-
onance compared to the VCMA drive. The Oersted field
has nearly circular symmetry and therefore it poorly cou-
ples to the quasi-uniform mode. The effective fields of
both the field-like and damping-like ST lie in the sample
plane, which corresponds to perpendicular pumping ge-
ometry. Parametric excitation of the quasi-uniform mode
at fd = 2fSW is inefficient in this geometry
4.
Our experiment employs MTJ magnetic configuration
with in-plane SAF and out-of-plane free layer that is con-
venient for unambiguous demonstration and quantitative
analysis of parametric resonance excited by VCMA. How-
ever, we find that VCMA-driven parametric resonance
can be observed in other types of MTJ configurations.
Figure 4 shows out-of-plane magnetic field dependence of
ST-FMR spectra measured for a 30 nm×95 nm MTJ with
out-of-plane equilibrium configuration of both the free
and SAF layers. Owing to the smaller amplitude of the
rectified voltage in this collinear geometry, we employ
ultra-sensitive ST-FMR with magnetic field modulation3
rather than conventional ST-FMR with amplitude mod-
ulation.
The ST-FMR spectra measured at a large value of
the microwave drive voltage Vac = 0.4 V reveal several
5spin wave eigenmodes of the free layer. Another promi-
nent resonance is observed at twice the frequency of the
lowest-frequency (quasi-uniform) spin wave eigenmode.
In this collinear MTJ geometry, the microwave resistance
oscillations of the device have a significant component
at twice the excited spin wave mode frequency and mix
with the parametric drive at twice the mode frequency to
give rise to a rectified voltage peak at 2fSW measured by
ST-FMR. The amplitude of this additional resonance at
2fSW relative to the amplitude of the resonance at fSW
increases with increasing Vac, which is a signature of a
thermally smeared threshold behavior similar to that in
Fig. 3. The out-of-plane collinear geometry is commonly
employed in ST magnetic memory (STT-MRAM), and
parametric resonance signals in ST-FMR of STT-MRAM
can potentially be used for characterization of the free
layer properties such as magnetic damping.
In summary, our work shows that magneto-electric
coupling can be used to excite parametric resonance
of magnetization by electric field. We employ voltage-
controlled magnetic anisotropy at the CoFeB/MgO in-
terface to excite parametric oscillations of a CoFeB free
layer magnetization in nanoscale magnetic tunnel junc-
tions. The threshold voltage for parametric excitation in
this system is found to be well below 1 Volt, which is at-
tractive for applications in energy-efficient spintronic and
magnonic nanodevices such as spin wave logic31. This
work opens a new energy-efficient route for excitation
of magnetization dynamics in thin films of metallic ferro-
magnets and nanodevices based on magnetic multilayers.
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1Supplementary Information: Parametric resonance of magnetization excited by
electric field
MICROMAGNETIC SIMULATIONS
To determine the magnetic ground state of the MTJ nanopillar studied in this work, we perform micromagnetic
simulations of the entire nanopillar stack (including the free and the SAF layers) using OOMMF softwareS1. The
magnetic material parameters of the free and the SAF layers employed in the simulations were determined in previous
studies of these MTJ devicesS2,S3. We simulate the hysteresis loops of the device at zero temperature as a function of
in-plane magnetic field Hx. Supplemental Figure 1a shows the major loop of the normalized free layer magnetization
Mx as a function of Hx (the SAF layer magnetization does not switch for the range of Hx employed). This loop is
shifted from zero field by a value similar to that observed in the experiment (see Fig. 1b of the main text) due to stray
magnetic field from the SAF layer acting on the free layer.
Supplementary Figure 1. Micromagnetic simulations. a,b, Normalized magnetization of the free layer Mx as a function
of in-plane magnetic field Hx applied parallel to the MTJ long axis, given by zero-temperature micromagnetic simulations
(a - major loop of the free layer, b - minor loop of the free layer). Arrows indicate field sweep direction. c, Three stable
micromagnetic states of the free layer in the middle of the hysteresis loop: two Ne´el domain wall states with opposite directions
of magnetization in the middle of the domain wall (1 and 2) and the quasi-uniform state (3). Arrows show the in-plane
magnetization component while the colors represent the out-of-plane magnetization component with red (blue) being positive
(negative). d, Total micromagnetic energy of the MTJ as a function of Hx. Colors correspond to the free layer micromagnetic
states shown in a, b, and c.
The simulations reveal the presence of three stable states of the free layer magnetization at low fields as illustrated
in Supplemental Fig. 1c: two Ne´el domain wall states with opposite directions of magnetization in the middle of the
domain wall (1 and 2) and the quasi-uniform state (3). A minor hysteresis loop shown in Supplemental Fig. 1b demon-
strates that the quasi-uniform state of the free layer is stable in a wide range of magnetic fields near zero, suggesting
that this state is the ground state near zero field. This is directly confirmed by plotting the total micromagnetic
energy of the MTJ as a function of Hx for all three micromagnetic states of the system (Supplemental Fig. 1d). This
plot clearly shows that the quasi-uniform state of the free layer magnetization is the lowest energy state in a significant
range of fields near zero. The asymmetry of the total energy in Hx is due to a non-zero net magnetic moment of the
SAF layer.
2Micromagnetic simulations of the hysteresis loop at room temperature (T ≈ 300 K) and magnetic field sweep rate
employed in our experiment are prohibitively time consuming. However, given the importance of thermal fluctuations
for a free layer nanomagnet of the small size and low magnetic anisotropy employed in our measurements, we can expect
the free layer is in its lowest energy state for magnetic field values near zero. This assumption is supported by the
absence of hysteresis in the experimentally measured Mx(Hx) curve shown in Fig. 1b of the main text. Furthermore,
the data in Supplementary Fig. 1d show that the Boltzmann probability of the quasi-uniform state is much greater
than that of the domain wall state in the middle of the hysteresis curve. For any two states, the Boltzmann ratio of
probabilities of being in those states is:
pi
pj
= exp [−(Ei − Ej)/kBT ], (S1)
where pi and pj are the probabilities of being in state i and state j, Ei and Ej are the total micromagnetic energies
of the states, kB is the Boltzmann constant, and T is the temperature. The energy difference between the domain
wall state and the quasi-uniform state in the middle of the hysteresis loop is 1.19 × 10−19 J, with the quasi-uniform
state being lower in energy as shown in Supplementary Fig. 1d. Therefore, the Boltzmann probability of the domain
wall state is 3.5× 10−13 of that of the quasi-uniform state at T = 300 K.
GILBERT DAMPING
The Gilbert damping of the free layer was estimated from the spectral linewidth of the quasi-uniform mode measured
by ST-FMR technique at Hx = 0.06 kOe. Assuming uniaxial anisotropy, the Gilbert damping parameter is given by
the ratio of half width at half maximum ∆f of the ST-FMR resonance curve Vr(fd) to the quasi-uniform mode
resonance frequency fSW
S4:
α =
∆f
fSW
. (S2)
In the experiment (see Fig. 1c of the main text), we find ∆f ≈ 0.03 GHz. By using this value of the linewidth and
the measured resonance frequency fSW = 0.91 GHz, we obtain an estimate of the free layer Gilbert damping constant
α ≈ 0.033.
VCMA EFFICIENCY
The observed linear shift of the quasi-uniform mode resonance frequency fSW with applied direct voltage Vdc shown
in Fig. 1e of the main text arises exclusively from VCMA. The effective fields due to field-like and damping-like spin
torque are perpendicular to the free layer magnetization for the perpendicular orientation of the free and the SAF
magnetic moments employed in our experiment. Such perpendicular fields can only induce a quadratic shift of the
quasi-uniform mode frequency. The frequency shift due to Ohmic heating is independent of the current polarity and
thus is also quadratic in Vdc to leading order. Given the linear relation between the resonance frequency fSW and the
anisotropy field Hu for a uniaxial ferromagnet, the slope of the line in Fig. 1e in the main text is
γ
2pi
dHu
dVdc
, (S3)
where the gyromagnetic ratio γ is taken to be 176 GHz/T. The data in Fig. 1e in the main text gives VCMA efficiency
dHu
dVdc
= 526 Oe/V, which is typical for this material systemS2.
THEORY OF PARAMETRIC RESONANCE THRESHOLD
For the theoretical description of parametric resonance of the MTJ free layer we employ a single-mode approxima-
tion. We expand the free layer magnetization into static and dynamic parts: M(r, t) = Ms(µ+c(t)m(r)+c
∗(t)m∗(r)),
where µ is the unit vector in the direction of the static magnetization, m(r) is the coordinate-dependent vector struc-
ture of the spin wave mode, and c is the dimensionless amplitude of this mode. Starting from the Landau-Lifshitz-
Gilbert equation, the following nonlinear equation describing the dynamics can be derivedS4,S5:
dc
dt
+ i(ωSW + Ψ|c|2)c+ Γc = hV00eiωptc∗ + η(t), (S4)
3where ωSW = 2pifSW is the spin wave mode angular frequency, Ψ is the nonlinear frequency shift of the mode, Γ is the
damping rate of the mode, h is the effective pumping field amplitude, ωp is the pumping frequency, V00 is the efficiency
of parametric interaction, and η(t) describes thermal noise (see Ref.S6 for details). In these notations, the parametric
resonance threshold field is hth = Γ/|V00|, where |V00| = γµ02 ε, γ is the gyromagnetic ratio taken to be 176 GHz/T,
µ0 = 4pi × 10−7 T·m/A is the permeability of vacuum, and the damping rate Γ = 2pi∆f = 2pi × 0.03 GHzS4,S5.
Averaged ellipticity of the spin wave mode ε is given byS5:
ε =
∣∣∣∣ 〈m∗ ·m∗〉r〈m∗ · (µ×m)〉r
∣∣∣∣ , (S5)
where 〈...〉r denotes a spatial average over the free layer volume.
We calculate the quasi-uniform mode ellipticity from the micromagnetic mode profile. This calculation gives
ε = 0.26, which results in hth = 6.5 kA/m = 82 Oe. This gives the threshold voltage for excitation of parametric
resonance Vth = hth
dVdc
dHu
= 0.156 V. This micromagnetic value of Vth is significantly higher than that given by the
macrospin approximation with ε = ωM|Nx −Ny|/(2ωSW), where ωM = γµ0Ms (with Ms = 950 kA/m), Nx = 0.014
and Ny = 0.040 are components of the free layer demagnetization tensor
S7, and ωSW = 2pi×0.91 GHz is the spin wave
mode frequency. The higher value of ellipticity (ε = 0.478) in the macrospin approximation leads to a lower parametric
threshold: hth = 45 Oe and Vth = 0.085 V. As expected, the experimentally measured value of the threshold voltage
Vth = 0.136 V is much higher than that given by the macrospin approximation but it is similar to that appropriate for
micromagnetic profile of the quasi-uniform mode. The 15% discrepancy between the measured and the theoretically
predicted threshold could arise from deviation of the free layer shape from the ideal elliptical shape assumed in the
simulations and from over-estimation of the damping parameter of the free layer.
EVALUATION OF THE PARAMETRIC RESONANCE THRESHOLD FROM EXPERIMENT
To determine the threshold voltage for parametric excitation Vth from the experimental data in Fig. 3 of the main
text, we fit these data to theoretical expressions of the oscillation power as a function of the drive amplitude Vac.
These expressions are derived below for two limits: Vac  Vth and Vac  Vth.
Below the threshold
Well below the threshold (Vac  Vth), the nonlinear frequency shift in Eq. (S4) can be neglected and the parametric
resonance frequency fpr is equal to twice the spin wave mode frequency (fpr = 2fSW). In this limit, the reduced
integrated power p of the spin wave mode is given by the expression below when the free layer is driven exactly at
the parametric resonance frequency fpr:
p =
〈|c|2〉 = C1
Γ− |hV00| +
C1
Γ + |hV00| =
D
(Vth − Vac) +
D
(Vth + Vac)
, (S6)
where 〈...〉 denotes a thermal average. In deriving this expression, we assumed white thermal noise: 〈η(t)η(τ)〉 =
C2δ(t − τ) and 〈η(t)η∗(τ)〉 = C1δ(t − τ), where C1, C2 and D = C1Vth/Γ are constants. Here we also employed the
linear relation between the effective (VCMA) pumping field amplitude h and the microwave voltage amplitude Vac,
which is evident from Fig. 1e of the main text.
By expanding the noise term into Fourier series, we obtain the following expression for reduced power spectral
density p(f) of the spin wave mode oscillations:
p(f) =
〈|c(f)|2〉 = C2
(Γ− |hV00|)2 + (2pi(f − fSW))2 +
C2
(Γ + |hV00|)2 + (2pi(f − fSW))2 (S7)
=
A
(Vth − Vac)2 + (2pi(f − fSW)Vth/Γ)2 +
A
(Vth + Vac)2 + (2pi(f − fSW)Vth/Γ)2 , (S8)
where A = C2V
2
th/Γ
2 is a constant. Setting f = fSW in Eq. (S8), we obtain an expression for the peak value of the
reduced PSD that is observed at f = fSW = fpr/2:
p(fpr/2) =
〈|c(fpr/2)|2〉 = A
(Vth − Vac)2 +
A
(Vth + Vac)2
. (S9)
4The second term in Eq. (S9) is much smaller than the first one for Vac approaching Vth and it can be neglected in
fitting the experimental data of Fig. 3 of the main text:
p(fpr/2) =
〈|c(fpr/2)|2〉 = A
(Vth − Vac)2 . (S10)
Above the threshold
Well above the threshold (Vac  Vth), the integrated power of the parametrically excited quasi-uniform mode is
nearly temperature independent and can be approximated by its zero-temperature valueS8. Neglecting the thermal
noise term in Eq. (S4), we derive:
p = |c|2 = 1|Ψ|
(√
(hV00)2 − (hthV00)2 + 2pi(fpr/2− fSW)sign(Ψ)
)
. (S11)
We assume that the deviation of fpr from 2fSW is small, so that the second term in the parentheses can be neglected
compared to the first term. In this case, Eq. (S11) takes a simple form:
p = B
√
V 2ac − V 2th, (S12)
where B = Γ/(|Ψ|Vth) is a constant.
Details of the fitting procedure
The fitting of the normalized peak power data shown in Fig. 3 of the main text to Eq. (S10) and Eq. (S12) was
performed by the least squares method with A, B and Vth as fitting parameters. A range of data near the threshold
voltage must be excluded in the fitting procedure because neither Eq. (S10) nor Eq. (S12) is valid at the threshold
voltage. We chose the data range where Vac < 0.1 V for the low-power fit and the data range where Vac > 0.16 V
for the high-power fit (the excluded data range is 0.1 V – 0.16 V) because the best fit parameters do not change
significantly upon further extension of the excluded data range. The threshold voltage given by this fitting procedure
is Vth = 0.136 V.
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